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ON THE MOTION OF AN ELLIPSOID ON A ROUGH SURFACE WITH SLIPPAGE"

A.,P. MARKEEV

Method of averaging is used to investigate the motion with slippage of a homogene-
ous, triaxial and almost spherical ellipsoid on a fixed horizontal plane in the
presence of a small amount of dry friction. The first approximation equations are
very complicated and their full integration is not performed. Two first integrals
of the averaged equations are found, general geometrical properties of the motion
investigated and simplest particular solutions of the averaged equations considered.
The qualitative and quantitative investigation of the tendency of the ellipsoid to
rotate about its largest, vertically positioned axis, is carried out. Results of
the analysis of the motion of the ellipsoid in the presence of a small amount of dry
friction are also formulated.

A particular case of the motion of a heavy homogeneous triaxial ellipsoid on a fixed hori-
zontal plane was studied in /1/, where it was assumed that slippage was absent, and the point
of contact between the ellipsoid and the plane described on the surface of the ellipsoid one
of its principal cross sections. 1In /2,3/ the author investigated a motion of an almost
spherical ellipsoid. Periodic motions without slippage are studied, generated by the statian-
ary motions of a homogeneous sphere and an averaging method is used to study a general case
of the motion. In the case of a perfectly smooth plane, methods of Hamiltonian mechanics are
used to establish the character of the motion of the ellipsoid over an infinitely long pericd
of time.

1. Let us write the equations necessary for solution of the problem of motion with slip-
page, of an arbitrary, convex, heavy solid on a fixed rough horizontal plane. Let 0XYZ be
a fixed coordinate system with the origin at some point on the plane, and a vertical 0Z axis.
We denote the unit vector of the vertical by m which is a unit vector of the outward normal
to the surface of the body, constructed at the point P of contact between the body and the
plane. We attach to the solid the C(zyz coordinate system with the origin at its center of
gravity ¢ and the axes directed along the principal central axes of inertia of the body. The
orientation of the body relative to the fixed coordinate system is determined with help of
the matrix A of direction cosines

X ay g g [T
Yi=|aa @ au| |y (1.1)
zZ a31 dsz daz 2

In the Czyz coordinate system the vector CP has components z,y, and 2z We assume that the
equation of the surface surrounding the body has the form

¢z, y 20=0 (1.2)

Then ,
n = grad ¢/| grad ¢ | , 0’ = —(@a1, @, @s3) (1.3)

where a prime denotes transposition. Let v and v, denote the velocity vectors of the points
P and ¢ of the body, and vy,vy,vz and X., Y., Z; their components in the fixed coordinate
system. Then

v =v,+ Ae x CP (1.4)

where ® is the instantaneous angular velocity vector of the body, given in the Cazyz coordin-
ate system by its components p, ¢, and r. Let Ry, Ry, Rz be the components of the reaction
R of the plane in the OXYZ coordinate system. Then we have, in the case of dry friction,

Rx = — fRzcos9, Ry = — fRzsin®; vy =vcos6, Uy=USinB (1.5)

where f is the coefficient of friction and is a constant, and § denote the angle between the
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velocity vector v of the point of contact and the QX axis of the fixed coordinate system.

We assume that v=z£0, i.e., the motion is carried out with slippage. The coupling equation
expressing the fact that the component Vz of velocity at the point of contact is zero, can be
written with help of equations (1.1), (1.3) and (1.4) in the form of the following kinematic
relation:

2" 4 as (92 —~ 1Y) + ag (rz — pz) + a33 (py — 92) =0 (1.6)

The theorems on the change of angular momentum and kinematic momentum yield two vector equa-
tions

mvc'_-:mgn-l-R, G.+(I)XG=M; M=CP xR (1.7)

where m denotes the mass of the body, g is acceleration of free fall and G is kinetic moment
of the body relative to the center of gravity. 1In the Czyz system we have G’ = (4p, Bq, Cr)
where 4, B, and C are the principal central moments of inertia of the body. We denote by M
in (1.7) the moment of reaction of the plane relative to the center of gravity, and write (1.7)
in the scalar form in the following equations

mX," = —fRzcos 8, mY," = —fRzsin 0, mZ;,~ = Rz — mg (1.8)
Ap" + (C — B) gr = M. {pgr, zyz, ABC} (1.9)
My = [(a3sy — @422) + (A% — a3 Y)'8in 0 + f (2192 — ay3y) cos 6] Ry (1.10)

{zyz, anana;, (i = 1, 2, 3)}

Another two equations not appearing in (1.9) and (1.10) but are obtained from them by simulta-

neous cyclic permutation of the indices shown within the curly brackets.
Let us also write the kinematic Poisson equations

Ay’ = QT — 330, Gy = Q3P — ayl, Qi3 = a;q — Q2P (1.11)

(i= 1, 2, 3)

The equations (1.2)— (1.6), (1.8)= (1.11]) form a closed system of equations describing the
problem of motion with slippage of an arbitrary convex, heavy solid on a fixed rough surface,
in the presence of dry friction.

2. Let a moving body represent a homogeneous ellipsocid the surface of which is given in
the Czyz system by the equation

¢ = z%a® 4 y¥b? + 2%t — 1 (2.1)

In the case of ¢ =b =c¢ we obtain the well studied /4- 6/ problem of motion with friction
of a homogeneous sphere on a horizontal plane (billiard ball). If at the initial instant the
instantaneous angular velocity vector @ is perpendicular to the velocity vector v, of the
center of the sphere, then the latter moves along a straight line, otherwise it moves along a
parabola. The slippage ceases at the instant t = 2v,/(7fg), where v, is the initial velocity
of the point of contact. Beginning from this moment, the motion will consist of rolling with
spinning.

Let the ellipsoid differ little from a sphere of radius [, and let the friction coeffic-
ient f be small. We use the quantity max {|a-—b |/, |b—c|/l,|c—alllf} as the small
parameter & When &= (0, we have the problem of motion of a sphere ona smooth horizontal
plane; the sphere center moves uniformly and rectilinearly and the sphere rotates uniformly
about a fixed direction in the fixed coordinate system. Assuming that the above motion is a
generating motion, we study the motion of the ellipscid at 0<e<€1 by asymptotic methods.
To do this, we transform the equations of Sect.l to the form suitable for the application of
the averaging method /7/.

From (2.1), (l1.3) and (1.6) it follows that Z. is a quantity of first order of small-
ness in &, therefore, according to the third equation of (1.8), the normal reaction of the
plane R; isequal to the weight of the ellipsoid with an error of the order of € Neglecting
terms of the order of % we can write the first two equations of (1.8) in the form

X = —fgcosB, Y, = —fgsin (2.2)
Performing the variable change
z=uaz',y=1>by,z=cz (2.3)

and remembering that for a homogeneous ellipscid

A=m(@® + )5 B=m(?~+ a)/5 C=m(ad -+ b5 (2.4)
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we find from (2.1),(1.3),(1.10) that to write the equations (1.9) with the accuracy of up to
the terms of order ¢ it is sufficient to put in their right hand parts

My = 5g (B — C) y'z'/l + fmgl (ay cos 8 — ay; sin 6) (2.5)
{zyz, 2'y'z’, ABC, ajapa;5 (i = 1, 2)}

The equation of the surface of the ellipsoid (2.1) will become, in the variables z’,y’,z , an
equation of a sphere

Zi oyt 2 =1 2.6

From (1.11) we obtain (with i =3) with help of (1.3) and (2.3), the following equations for
the variables z’,y’,z’ in the first approximation in e:
" =yr—zgq+ g,y =2p—2r+ g =3¢ —¥P + & (2.7
g1 =2(—b) zyYapll+ (a—c) (22 — 1) 2'g/l + (b — a) (22" — 1) y'r/l
{8:8:83, abc, 2'y’z’, par}

and the equations are dependent by virtue of (2.6). From relations vy =vcos B, vy =vsinb
we have 9" = (vy €08 8 — px"sin B)/v, v’ = vy sin 8 + vx" cos 6. Substituting here the derivatives
Vx, Vy obtained by differentiating the kinematic relation (l1.4) and using the equations
(1.119), (2.2), (2.3), (2.7) as well as the equations connecting the firection cosines 4a;;, we ob-
tain the following differential equations for g and v in the first approximation in e
68" = (Ocos® + ¥sin B)/v, v' = —"/,fg + (@ sin 6 — ¥ cos 6) (2.8)
D=0+ @+ @3 ¥ =1 + o + s
¢ = (a— ¢) lay, (pr + Sga'z’'1l) — 22'3’q (ayp + a509 +
a:1957) + 20559 (2'p — 2'7) — 2¢° (@gy2" — ap3 2')]
Y1 = (& — ¢) [y (pr + 5g2'2'/)) + 22'2'q (@01p + ang +
g37) — 2a35q9 (2'p — 2'7) + 2¢° (a2’ — a152")]
{P19:@s, PrbaVs, abe, par, 2'y's’, aaaai5 (i = 1, 2)}
Following /2,3/ we replace the variables z',y',z" by p,§ ¥ using the following formulas:

—cosP cosasinf sinasinp | |pcosy (2.9)

z,
yl E—3

7’ 0 —sina cosa ¢

sine = YVp? + ¢¥/o, cosa =r/w, sinP = g/y Pt + g%
cosB= p/yVp* + ¢

The variables p and { are connected with each other by the relation
PP+ =1 (2.10)

when £¢=0% = @ and the quantities p and { are constant, with p denoting the distance from
the center of the ellipsoid (sphere) along the straight line passing through the point of con-
tact in the direction parallel to the vector @, then | £ | describes the distance from the
center of the ellipsoid (sphere) along a plane perpendicular to ® and passing through the
point of contact.
We carry out a variables change in (1.11) using (2.9) in which we replace z,y,3 by

@iy Bigy @15 (i = 1, 2, 3) respectively, and p, & ¥ by pi &, vi-  The quantities 8w &gy L3 are co-
sines of the angles between the vector @ and the axes OX,0Y,OZ of the fixed coordinate
system. We have the following identities:

p+L2A=1 (2.11)

In the first approximation in e the variables ¢, §, (i =1, 2,3) satisfy the following differen-
tial equations:

sinf cosacosf sinacosﬂ“ “psiny

U=(p +yqg +zire— (pp" + ¢ + M)/ e* + (2.12)
(pg, + 98: + rgy)/e

L = (anp’ + ang + aigr o — (pp" + 9@ + ) @* (2.13)

The quantities p’, ¢, 7 appearing here must be cbtained from equations (1.9), with the right
hand sides given by (2.5). Neglecting the terms of order e and higher, we also obtain

. (2.14)
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Let us replace Uy {: by variables ay, %3 according to the formulas
o, =t cos O 4 [, 8in 0, @y = —{;sin 4+ fycos 8 (2.15)

The quantity o; is a cosine of the angle between the vectors ® and V, while 2;is a cosine
between ® and the vector perpendicular to v and lying in the horizontal plane, with the smal-

ler angle of rotation from v to this vector counted in the anticlockwise direction. From
(2.15) and (2.13) we obtain for a;, o, the following equations:
o1 = [@up” + 0" + agar) 5in 8 - (app” + and + (2,16}

a9} cos 80 — (pp -+ 4 -+ rra/ o + O,
ay = [agp” + 600 + agy') 005 8 — (anp” + an g +
a7 sin 8o — (pp” + g9 + o/ e — Oay

Equations (1.9) (with the right-hand sides (2.5), (2.2), (2.8), (2.12)—(2.14) and (2.16) re-
present a system written in a form suitable for use with the method of averaging. In the
equations (2.12), (2.13) (2.16) p*, ¢', r" are function cbtained from (1.9), z',¥',2",a;; are assumed
to be given in terms of p,,¥,p; &y iy Py 4T according to the formulas (2.9) defining the
variable change, and 9§ in (2.16) represents the right-hand side of the first equation of {2.8).
The variables X, ¥.,,p,q 1 § §is 8,v in the resulting system of equations are slow, while
Y. ¥+ are fast. Let us average the right-hand sides of the equations for the slow variables,
over the fast variables, Taking also into account (2.10) and (2.11) and the relations
ppscos{(y — v} + 86 =0( = 1,2) valid for the unperturbed (at & =0} motion, we cobtain the
following averages system of equations:

X~ = —fgeos 8, Y., = —fgsinb (2.17)
Ap" + 11+ 5g (35 — 1)/2e*D] (€ — B) gr = [ mgl app/o (2.18)
{4ABC, pgr}

. F 1
R

.__ S S5gLF LTS __1__)
%2 = 5ol (1 —a?)— 2ot \ 7 T o)™

. 4 . 7 SgLF

o= 2515‘;: @ V=—fg "“‘;}Eﬁ““l (2.20)
. . 5

vm— o W=—fa

The averaged equations for [; and [, are not written out, since they are of no further use
to us. From (2.18) we cbtain the following auxilliary equations for o:

. 5f
o= (2.21)

and in (2.19), (2.20) we have used the notation
F=(a—c)(p®*—r)) + (b—a) (g — p?) + (c — b) (*—¢) (2.22)

Solutions of the averaged system approximate the slow variables with an error of the
order of ¢ over the time interval of the order of &7. It can be shown that the averaged
system has the following integrals:

{© = const, {3 = const {2.23)

The second of these integrals means that the projection of the instantaneocus velocity vector
on the vertical is constant in the first approximation. Since the general solution of the
averaged system is hardly possible, we shall limit ourselves to finding its particular solu-
tions and establishing certain general properties of the motion of the ellipsoid.

3. First we establish some geometrical properties of the motion. Let us carry out in
(2.18) the variable change according to the formulas

P= ot g = 0ay 1= 00 (3.1)

where G @y, @; are the cosines of the angles between the vector @ and the axes (z, Cy, Cz
of the ellipsoid respectively. From (2.18) and (2.21) we obtain
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Aoy + o1 + 5g (382 — /(2D (C — B) ayz, =0 ST
{ABC, zyz}

It follows that in the first approximation the quantities @x %y, &, describing the orienta-
tion of the vector @ relative to the ellipsoid can ve found using the formulas used in deter-
mining the quantities p,¢,r in the Euler- Poinsot motion in which the part of time is played
by
t
2
1=Sm[1+5g—§—1—32m211'd2 (3.3)

0

Let the components of the vector G in the fixed coordinate system be Gy, Gy, Gz. The
theorem on the change of kinetic momentum yields for these components the following equations:

Gx' = auMx +auyM, + a3 M, {XYZ,ay, ayay (i =1, 2, 3} (3.4)

All components Gx, Gy, G, are slow variables. Using (3.4) we obtain a differential equation
for G, and averaging its right-hand side yields the following first approximation equation:

G’ = fmgla, (3.5)

Averaging the right-hand side of the expression for the derivative of the kinetic energy of
motion relative to the center of gravity, yields the following first approximation equation:

T" = fmgloa, (3.6}

Connecting mentally the ellipsoid in question with its inertia ellipsoid relative to the
center of gravity, passing through the center of gravity a straight 1line parallel to the
vector @ and projecting through the point of intersection of this line with the inertia el-
lipsoid a plane tangent to this ellipsoid we find, just as in the Euler— Poinsot case, that
the plane will be perpendicular to the vector G and will lie at the distance d = 1/2_T/G2 from
the center of the ellipsoid. In the Euler- Poinsot case I and G are constant, hence so is dy
while in the present case 7 and G both vary with time. However, the calculations employing
(3.5) and (3.6) and the closeness of the moments of inertia (2.4) shown that Jd = ( with the
accuracy of up to the terms of order e¢ inclusive. Therefore we find that in the present case,
just as in the Euler- Poinsot case, the inertia ellipsoid rolls and rotates without slippage
over the tangent plane constructed, the latter remaining at a distance from the center of
the ellipsoid, unchanged in the first approximation. In the present case however, the center
of the ellipsoid moves in accordance with the equations (2.17) and the orientation of the
vector (G varies relative to the fixed 0OXYZ coordinate system.

Let us obtain the equations determining the orientation of the vector G, Computing the
right-hand side of the third equation of (3.4) using (1.3), (2.1}, (2.3) and (2.5) shows that
it is equal to zero with the accuracy of up to the terms of order e inclusive. This implies
that the projection Gz of the kinetic moment vector on the vertical is constant in the first
approximation. Let 0 be the angle between the OX axis and the projection of G on the hori-
zontal plane. We see that

o = SxOr = Oxlx (3.7)
CT— Gy

Replacing here Gx' and Gy’ by the right-hand sides of the corresponding equations of (3.4) and
averaging, we obtain the following first approximation equation:

(3.8)
0 = gy Vel — L (1 =19 F]

4. We know that a rapidly spinning symmetrical top placed on a rough horizontal plane
develops a tendency to raise its center of gravity and tends to rotate about its vertical
symmetry axis. It appears that the first correct explanation of the phenomenon was given in
/8/ where the discussion was carried out from the almost modern positions /9~ 11/. Chapter
18 of /12/ deals with the problems of mathematical theory explaining the rise of the axis of
a symmetric top. The axis rise effect appears also in the case when the top is not necessar-
ily symmetrical. The author of /13/ describes an experiment carried out by Thomson with an
ellipsoidal stone. The motion of the stone spun rapidly on a rough horizontal plane evolved
to that the stone exhibited a tendency to rotate about its longest axis which, in turn, strove
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to occupy a vertical position, provided that the rotation was sufficiently rapid.

Let us now consider the tendency of the ellipsoid to rotate about its longest vertically
situated axis. Using first the integrals (2.23) of the averaged equations of motion, we
arrive at certain qualitative conclusions concerning the ewolution of the motion of the el-
lipsoid, not necessarily rapidly spun, but for the most general case of its motion. If its
angular velocity @ decreases, then the constancy of the value of the projection of the vector
@ on the vertical implies that the ellipsoid tends to assume a vertical position. Further,
from the first integral of (2.23) it follows that when o decreases, then the quantity |[ |must
increase. Taking into account the geometrical meaning of the variable [, we conclude that when
® decreases, then the ellipsoid tends to rise and stand on its longest, vertically oriented
axis. When @ increases, we have the opposite phenomenon, the vector @ and the longest axis
of the ellipsoid both show a tendency to increase their deviation from the wvertical.

Analysis of the consequences of the existence of the integrals (2.23) is insufficient to
obtain quantitative results regarding the evolution of the motion of the ellipsoid, and the
averaged equations themselves must be used. Let |y, |<€|e X CP| when t= 0. Then the guan-
tity @, is negative and @, small at the initial instant. We shall assume that |a;| is not
less than the first order in & Then from (2.19) we obtain the following first approxima-
tion equation:

oy = 5g(l — a2 (4.1)

which forms, together with (2.21), a closed system of equations, Denoting by zero subscript
the initial values of the variables, we obtain the general solution of this system

T 5
o= (n? + Zomoent + T, g SHREE (7 T ) 4.2
The guantity ® decreases with increasing ¢, and a, increases from its initial negative value
G- It remains negative up to the time ¥ = 2w,l | ay, | /(5/8)- Geometrical considerations
imply that @z = —pa Vp = Polwy with an error ot the order of e, therefore we have approx-

imately # = 2v,/(5fg). When @, are small, then from the second equation of (2.20) we find that
in the first approximation, just as in the case of a sphere on a rough plane, the velocity of
the point of contact is

U= v, — Tofgt (4.3)

The velocity v becomes zero at the instant i, = 2v,/(7fg), and a motion without slippage com—
mences. Since I >t it follows that the angular velocity @ decreases over the whole time
interval 0<{t<{i; and the ellipsoid continues to rise onto its longest axis up to the on-
set of the motion without slippage. Let us estimate the amount At of time necessary for
the ellipscid to turnover from its shortest semiaxis ¢ to its longest semiaxis ¢ . This means
that |{| should change over the period At by the amount equal to (¢ — a)/l. From (2.23) we
have [ (t) = Lywole {f). Setting here [, = afl, { (Af) = ¢/l we obtain, neglecting the terms of order
¢*  and higher, © (Af) = @y [1 — {c~a)/ll.  Substituting this value © into the left-hand side of
the first equation of (4.2), we obtain
2{c—a)

M= e (4.0
Terms neglected from the right-hand side of (4.4) are smaller than the retained terms by at
least one order of magnitude &. In order to have the turnover continuing up to the onset of
the motion without slippage, it is necessary to demand that the inequality Af«Cit, holds and
this, with the approximate relations ag = —Pg, Up = py0,/ taken into account, implies that
the following ineguality must hold:

Po > V7 (c— a)i(5h) (4.5)

Thus, in order to make possible the turnover of the ellipsoid from the shortest to the
longest semiaxis, we must require that the angle between the smallest semiaxis and the vector
© be not too acute at the initial instant, otherwise the time At necessary for the turnover
of the ellipsoid will exceed the time ¢, at which motion without slippage begins. This con-
clusion can be reached in a gualitative manner directly from {(2.21) and (2.23): the smaller

Po» the smaller |@; | and, according to {2.21), the slower the decrease in the value of @
and hence, according te (2.23), the slower the increase in ||

5. Let us consider the case of perfectly smooth plane. From (1.8) with =0 we obtain
Ae’ = const. Y, = const. Third equation of (2.20) and (2.21) together imply that in the first ap-
proximation with /= 0. do not decrease the accuracy, we can write {= {, o= @, in the square
brackets of (2,18). Already in the first approximation the ellipsoid executes an Euler—

Poinsot motion about the vector &, in which the following quantity is regarded as time:
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t= {1+ 5835 — 1)/ (20:2D)] ¢

(1]
+

and depends on the initial condititions.

From the constancy of Gz and the fact that according to (3.5) the quantity ¢ is constant
at =0 also in the first approximation, it follows that the angle between the vector G and
the vertical is also constant in the first approximation. The function (2.22) can be written
with the accuracy of the order of ¢2, in the form

F=5[A4+ B+ ) w? —6TU(2m)
When f=0 we find, from (3.6), that we can, without affecting the accuracy, write in the right-
hand side of (3.8) not only « = @, = const, but aleo F = F, = const. Remembering also that the
projection of G on the horizontal plane is equal to %,mi%p,0,, with the accuracy of the order of

¢ , we find from (3.8) that when =10, the quantity o is constant in the first approxima-
tion and given by the formula

6" = —5gleFo/(212wg3) {5.2)

Thus we find that when =0, the projection of the center of gravity of the ellipsoid
on the horizontal plane is uniform and rectilinear, and the ellipsoid itself moves about the
kinetic moment vector in accordance with Euler-— Poinsot with an altered time scale (5.1), while
the kinematic moment vector is constant .in modulo and precesses slowly about the vertical at
a constant angular velocity (5.2), remaining at a constant angular distance from it. The same
result was obtained by a different method in /2/.

6. wWe shall indicate some simplest particular solutions of the averaged system (2.17)—
(2.20). First we consider a solution in which & =0. fThis corresponds to a motion of the
ellipsoid in which we can assume, with an error of the order of ¢, that its center of gravity
lies in the plane perpendicular to @ and passing through the point of contact between the
ellipsoid and the plane. When §{ =0 , the third equation of (2.20) is satisfied identically,
while (2.17) and the first two equations of (2,20) together imply that, as in the case when a
sphere moves with slippage on a rough plane, 6 = 8, = consty = v, — ?/,fgt and the projection of
the center of gravity on the plane moves either along a straight line, or along a parabola,
depending on the intial conditions, When [ = (, the equations (2.18) and (2.19) can be writ-
ten as

Ap + (A — 5g/2w?D) (C — B) qr = f mgla,plw {ABC, pyr) (6.1)
@) = —5fgaa2ol), & = 5fg (1 — a)/(20]) (6.2)

From (2.21) and (6.2) we find that © and as vary with time according to (4.2), while
a; = @;o0o/w. The orientation of the instantaneous angular velocity vector is given in the
0OXYZ coordinate system by equations

§, = @, cos B, — @, sin By, L, = @, sin 8, < @, cos 8y, Iy = Gaowolw (6.3)

The quantities pP.¢» and r (with the relation o(f) known) are obtained from (3.1) and equations
(3.2), which can be reduced with help of the independent variable

¢
1:=Su)(1 — 5g](2w?) dt

[]

to a system in the Euler — Poinsot problem, integrable in terms of elliptical functions.

7. 1t can be confirmed that the averaged system of equations admits a solution for which
p=0,¢g=0 and the quantities X/, X/, a, a5 0, V, L, %, @ = |r| satisfy the system of equa-
tions(2.17), (2.19)—(2.21) in which the quantity F/w?is replaced by the constant 2c—a —b. This
particular solution corresponds to a motion in which the vector o remains parallel to one of
the axes of the ellipsoid throughout the motion. If the semiaxes of the ellipsoid are connect-
ed by the relation a+ b= 2¢, then 8 = 8, = const, the projection of the center of gravity
on the plane moves along a straight line or a parabola, and the quantities @i, &, V, ® change
with time just as in Sect.6 where { = 0.

8. We shall indicate another interesting particular solution of the averaged system
corresponding to the motion of an ellipsoid with constant instantaneous angular velocity vector

®. We obtain the solution, and conditions of its existence. From (2.18)— (2.21) we find
that the solution in question has the following analytic expression:
P =DPor g = o ¥ = To» 1 = flog¥(LoFo), @, =0 (8.1}

9=9°.§=§o,v——-vo—fgt
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The projection of the center of gravity on the plane moves along a straight line or a parabola.
The constants §,, @, in (B.l) are connected by a relation which causes the expression within
the square brackets in {2.18) to vanish

Lo? = Yy — Zmo*l/(if)g) (8.2)
Requiring now that the right-hand side of (8.2) be positive and taking into account the fact
that la; | 1, we cbtain the upper bound for the angular velocity o, and the coefficient
of friction f
E 5 2 - bgy? 4 org?
w< ) £, j<lBletoto—sonithited (8.3)

The inequalities (8.3) represent the conditions of existence of the motion with constant vec-
tor ®. We note that in the case of a sphere with f=£(, there exists no motion with slip-
page at constant o -

9. 1 motion of the ellipsoid was also studied under the assumption that the ellipsoid
is again almost spherical and the friction is low, though not dry but viscous. We shall form-
ulate briefly the fundamental results of investigation.

The reaction of the plane will now be given in the (OXYZ coordinate system by the
components = kmv cos 0, — kmvsin 8, R; where k>0 is a constant and small (of the order of &}
coefficient of friction. The averaged equations of motion are obtained from the eguations
(2.17)— (2.21.), provided that we replace in their right-hand sides terms containing the fact-
or fg, by the same texrms but containing the factor kv. The geometrical characteristics of
the motion discussed in Sect.3 also apply in the case of viscous friction, but the coefficient
fé in the right-hand sides of (3.5) and (3.8) must be replaced by kv. The integrals (2.23)
hold for the averaged eguations just as in the case of dry friction, and as before there is a
tendency of the ellipsoid to rotate about its largest, vertically positioned axis. Only, in
the case of viscous friction the quantity 7 in (4.2) must be determined by the equation

-¢=—57%’.(1 — e=THI2) (9.1)

while the formula (4.3) describing the decrease in the velocity of the point of contact at
small |a,| , becomes

v == poemtitit (9.2)

Since v does not vanish at any ¢, it follows that we cannot have a motion without slip-
page, The estimation of "time" A1, necessary for the turnover of the ellipsoid from the
smallest to the largest axis will, in the case of viscous friction, be

Ar = (¢ — a) wo/(p,l) (9.3)
The above quantity must not exceed the largest possible value of T equal to 5pv,/(7]), and from
this, just as during the dry friction, follows the condition (4.5). The averaged equation

admists the particular solution discussed in Sect.6 in which t = 0. The variables gy gy @
in this solution are obtained from the same formulas as in the case of dry friction, but with
T given by equality (9.1). The velocity of the point of contact is given by (9.2), the *angle

6 = 8, = const and the trajectory of the projection of the center of gravity on the plane are
given by

X, (t)= 75 voc0s80 (1 — e8) 4 (Xoy'— 2 vy cos B)t + Xop
(9.4)
Yo (t) = o vosin Bo(1 — e-112) 4 (Yo' — S-vosin 8)t+ Yoo

Another particular solution exists, for which the vector ® is parallel to one of the
axes of the ellipsoid. In the case of viscous friction the motion with constant vector @ dis-
cussed in Sect.8 does not exist.
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